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o.AT#ofQ_FT:Majerana
(1932)

,
Dirac ( 1936) ,

Fiery -Pauli (1939), and most notably Wigner 's 1939

classification of UIR 's of Poincare group ISO (3.1) .

• Relativistic, linear & .covariant equations : Bargmann - Wigner (1948)

L> massless
,
helicity particlescharacterized by

• Mass m=o ; ° helicity s E { 0,1>1,3/2 ... }[⇐⇐'Entwine:c:S:Iemem±I÷±"Fenix:D



°A-p.pe#ofNo=Gonesult=

↳Problems with :

.
Minimal uh ) coupling for s33/2(1961)

°
Minimal Lorentz coupling fin s >, 512 ( 1964 )

. Infinite. component Majorama . like equations (1968 )

( tachyons )

↳ Togetherwiththe observation of high . spin hadronic resonancesBeef
.

that consistent high . spin
interactions

require

infinitely - many fields of unbounded spin .



Once the HS representations have been seen to exist

in the sense of UIR 's of spacetime isometry algebra ,
i.e. first quantization, then standard second quantization

naturally requires a covariant Lagrangian .

Eoy¥p±gEm:

Associate a quadratic , local and covariant Lagrangian

| to every UIR of maximally . symetric spacetime - isometry

-

algebra .



°
Initiated by F. P. in 1939 for massive , spin . 2 particle

in R
'
'
3

.

Then
, notably [ Chang ( 671

, Schwinger ( 701 ,
Singh . Hagen ( 74) ]

. In 1978
,
Fronsdal and Fang gone Lagrangian

for

m=o
heliuty . s field around R

' '3 and ( A) dsy.

by taking the m → o limit of Singh - Hagen 's L

and introducing ( bosons ) Yµ , . . .µ , 1×1 and gauge parameter

subject to traceconstraints: th . .ms. , ' n '

tgmgeo Yner . . . I o I Jw Enoe ...



Spin . s ,
massive fields : % ,

, . .µs
= 4cm , . . .µs)Gamdmassless

(D - m2 ) 4µ . . .ms
= °

( 2" 4µs . .us = o

•

If m = o
,

action of gauge symmetries

MM Ymuxs . . . as = 8⇐Yµ , . .µs
= Qµ , Emz . . .ms )

to remove extra degrees of freedom .

. Examples : 1)

_sp¥
D

Aref!aAIE°qe .se, Maxwell 's

field↳Equivalentdescription 2µ Few = 0
,

:

{ 2[µ Foe ] = o => Fµu = 2 % Au ] Faraday

D Fno = o



Example 2)

IPIII
(D - m2) hµu = °

( other;; . m÷ .
then = onerous

↳ Equivalent description : MPYsiguop = 0 i.e.
"

pinch ) = o

0←%ve]xp = ° on
'

pimp= •
tinharisad Einstein's equation

⇒ D E"µ×p = 0 Linearized Weigh tensor Is the mass less , spin . 2

~⇒ gravitas .
wane

field

. In the general , spin . s Ease :

D Cµ
,

. .ms , 0, .

:O
,
= 0

.

where Cµ . . .ms ,o, . .
-0
,
= of, . . . 2µs Yu, . . .o

,

+ - . .

traceless w.r.t.mu



•
. Max=sthy. : An (n ):= Yµ ( se ) , Sean(x) = Fick '

•S[An] = - 's
, fdux Fm Fµ , Fmu := 2 % Au]

. 8€ S[ An ] = o <= > 2" Fno ± o (Noether id . )

• Fiery . Pauli in metric . like notation :

-

hµµ, Cn) =:Ymca , Cn) , 8€%(, , = 2 2µ £µ§⇐hµ= 2 % to ,)
. So [Tea , ] = - 12 fd4× [20 Yn"@%a, + . . . ]

. Ses. [ tea , ]=o ⇐> On Focus=o, Eno :-.

"

pin . { zip .



°
Fronsdal 's formulation

° %
,
. . .µs

= 4(µ, . . .ms ) = %(s, s

↳ Gauge transformation : Se % . . .µ ,
= stem

, Emz . . .µs)

Conttr. : fm Jet Yµoeo ... ÷ o ( s >,y) , JW Eno ... ± ° ( s >. 3)

.
Str [Y ] = f LCY ,FY )

, 8¥
"

= :Gm
"'
=o

Mls)

TH'Gµµ . . .ms
- Juve , MG'm,

, .

.µs,a
Noether identity



Bargmann - Groengwggld. Moyal * . deform .

Vasilier 's

equationsWigner equns Wigner, deformed . oscill .

Fierz
.Pauli 's

program

Cubic action
Local

, quadratic 7
Fradkin

.
Vasiliev °

covariant Lagrang . Nether's . . .

procedure

Tt + Tl ⇐ A
quasi . minimal coupling

around Ads ✓



OWAVEEQUATIOVSme BARGMANN - WIGNER IN Ads Fronsdah
--

[
in 70's ] .

Conventions and notation for

so(2÷
-

↳ Lie algebra soc 2 , d) with generators Maas = Mast

[ MAB , Med ] = i ( MBCMAD - Mac MBD - MB, Mac + MADMBC )

A
,
B
,
. . .
= 0

'

,
0
,
1
,
. . .

,
d a ,b

,
. . . = 0,1 , . . . , d

Maps = diag ( - , - , + , . . . , + ) Mab = diagf , + , . . . , + )
0
'
0 1 . . . 01 0 1. . . 01



Pfa
,

in particular E = Po = Moo

⇒ [Pa , Pb ] = [ Moon , Mob ] =

it
Mab

, r={thAgebggottte
L±i:=MioIiMi£ i = 1

,
...

,
d sold) index

o. so (2 , d) ] so (2) to so (d) maximal damp act
_

E Mij

[Mij , Mere ] =4i ( Sjk Mie +3 terms)i¥!HI±YI:+sm;⇐n*%⇐€



. Cz[ so (2 , d) ] := 12 MAB Mats ,
P2 : = PaPbMhb= Mo. a Mob yhb

⇐> Ps = - { MAB Mao +12Mab Mab = - C£[s°(2, d)] + C, [

soft
,d )] .

• On the other hand , using the decomposition Mao - { Mij , E , Ei ) ,

one finds Cz[so (2 , d)] = E ( E - d) - LI [
i
+ Cz [so ( di ] , so thatCz(0(%d)|D(e°,J)]=-eo(-eo+d)+s,(s.+d-2)+...+sr(sr+d-2.

upon evaluation on Lowest
- weigth state 1 eo , $ ) ....; ... obeying

( E - eo) I eo , 5) = o =tierI eo , 5)i..j . . . i..j . . .



Where the vacuum 1 e. , 5) of the generalized Verma modulei..j . . .

g ( e .,s→ ) :={ LI; ... Ein leoss' >i ...; ... }
N = 0,1 , 2g . - .

with highest sok, d)- weight 1- = C- e. , 5 )

transforms in the sold) . imep RE
" '

associated with Young diagram

⇐E- of so (d) .±'



. Taking the wave . equation representation p ( pa) = .

il
Da

with l3=t2

←
square radius of Adsdn , .

mid =
. eye + Emi

E2 = MZC'' + F2c2

p¥ PZ = - ted = - e2m2

Pa = (-

E
,

F
'

) = . ih

LIE
.
I )

,
D= mabtatb no CD- SI m2)¢=o[measurehas.es?.niIiehqiY?.m→÷.in where a dimensionless . ]

L = M
' '

. ( h% )

C ( P2) = - los That Mab , hence (I - Rmin)$h=0

entails - P ' =L 'mig, so thatl2m2n=C,[so(2,d1|D(e;,s→D-Cz[soa.d)llt



where k denotes the sot , d) Lorentz type of the

tensor $ in theLorentz . covariant realisation of the
h

abstract UIR Dce . ,s→) .

Wigner - Bargmann - WignerDceo.si-f.%1Ca.imh.lln.to
Example : Spin - s UIR of soc2,3) no Adsl, [ Fronsdal , 70's ]

5
'

of so (3) :# no leo ,J>i
,
. . .is

Vacuum .

C
,
[so (3) / T ] = s ( Stol - 2) = SCS +1)

e. = 5+1 leadingto [iIsn , SZ. ... being nul . ( s > o )



° Cz [ so ( 2,3 ) / D (5+1,5) ] = - Co (- Co +3) + s ( s +1 ) = 2 ( S +1 ) (S - 7)

↳ The set of Lorentz -tensors carrying this UIR Dcsh ,s) is

{ Ion
.

} = [ Ca
's" ' ' ""

~ 1*7 }
with

(
a ( st k ) , b ( sl

;= (
a
, a< . - . as+k ,

b
, bz . :b,

= (
(a
, a< . - . as+k ) , (b, bz . :b, )

st
.

(
(a, as . - . as+k , b, ) bz - - 'bi-

• (
acstk ) . bcs'

gab - traceless



the
Lorentz tensors { C

& '"k '
'
b ' "} obey the

k = 0,1 , . . .

linear
,
relativistic wave equations (no BW program )

(D-tMIµ)cacs+kl,bcs),nwhere

MTS
,
k )
= - 0 [ 4 Eo tons +

-k (k +2g +2€ . + , ) ]
( 0=+7 :Add

Eo : = (01-2)-2

.
In particular , for d =3 , k = o , the primary Weyl .tensors obey(D+2t2(s+1))Ca(s,,b(s)=
Checks : MZ = Cz[So ( 2,3)] - Cz [ 5011,3) ) C 5- s ) ] = 2 (5+1)(S. 1) - ( 5 (5+4 . 2) + S ( S +4 - 4))

= - 2 ( 5+1 ) .



Note : In the scalar case s=o
,

the primary Weigh tensor

$(
x ) obeys (D +2,12 ) $ (m) = o in Adsy ,

where

546,0, = - 2 = Cz[so (2.3 ) ID(eoo °) ] = - eo (- eo + })

leaving 2 possibilities compatible with unitarily :

↳ E
.
= 1 ( Dirichlet ) or 2 ( Neuman ) BC's i

. So , in the zoology of "

mass less " UIR 's

me Cbosanic) fields propagating in Ads
., ,

we have

DCSH ,s)
5=91,2

,
...

and D ( 2,0)

:
Fronsdah on - shell

fields



Dirac singletons and Flato . Frans

.=
-

[ e. = d÷ ] .

Two remarkable so (2 , d) . UIRS : D ( E. , o) &DC€+£, 's )

Not propagating inside AdSd+± but at JAdSd+
,

.

↳ single line in compact weight space

E ^ D (E. , o ) :
RAC & D ( E . +12 . Is ) :

Diffee⇐



Flato
- Fronsdal theorem ( D= 3 )

÷DCI,° ) Q D (zoo) = +0 D ( Str ,s )
5=0

•D( ,̂¥QD(1>¥=D(%o)o⇒±D(⇒
CWT: Compositors of mass less particles in Add,

RAI : I
, does = o (*) with dim ( $ ) = z . ( fd3× 2$.a§
conformalscalar

U ( so (2,01))• Symmetries of (*) :
- = A associative algebra
Annik ( RAC) |v [ . , . ]

hs ( dts )



-→
First

.

order

Unfolded version and extension of BW
-

differential equations

° R:=( ha , -w•b) so (2 , d) - valued 1 . form (R =

dnmsyabz
Ma ,} )

.AdSd+,

: R
.
:= dr + RR = ° & invertibility of ham

° D= d +0 Lorentz
- cov . derivative (172 Va = - 1 ' hanhbvb )

\7£
'

a (s , ,b(s) = h '£c{ acs) ,
bcs, }

( g , | 17 £ acsh ) , bis) = ti £c{ acsh ) , bcs) } + 21 h{ a [ a (s) , bcs ,}
D £a(s+2) , bis) = hi€c[a(s+2 ) , bis) } + to h{ a [ a ( sit) , bis) }=

o

)
i
's a t2

.



. Due to the symmetry properties of the zero .

forms
E
'

's
,

the system ( s )

( i) reproduces the wave equations

( D -XMI,h, )C
a "+k ' ' b ' "

(n) = o ;

C ii ) Can be integrated so as to give a

±formmadTMe
a "' ' '

+

hbwa
's't!

= o

ywalstlobihbxacsihbbifhbeacsi:

p ×
a 's' 1 1

,
b 's' 11

+

I
g. ,

h[
b

×
a ( s-' 1

,
b ( s - 21 }

= ha ,, hb (
acs . 1 1 , bls -i )



iggfymmetts
: differential and algebraic

↳ Minimal set of fields & gauge parameters no Fransdal .

- 2 L ( 4,174) = Du Yµs , 170 YM
"'

- 515¥ They 'µ(, -2, TNY 'm 's -21

+ SCS - I ) Th Yµ( , . ,, De YEVM" -21 - s TfY0µs . , , Tfytu 's ' ')

- 515.1k¥ 1%4"µ,-3, Tfy 'dµ 's -31

+ mi YM " ' 4µs , + m
'

? Y"
's' " %( s -2 ) .

Me = of ( 52 + ( D- 6) 5 - ZD + 6 )

. Fever = - t2( fee For - Foe gjr ) , )2 = - 211
(D- 1 ) (D - 2)

Gµu + It gµo = o



Back to frame. like , Lopatin . Vasiliev 's formulation :

↳ Family of connection 1 . forms for spin . s :

{ ea
's. 's,was ' ' ' is,×•'' ''' b '" ,

. . .,
.

×•"
' ''
'
b 's ' '') .

1¥ ¥1 €1 #
is

"

#st

All are Lorentz . valued son,d) . tensors.

↳ Packed
up into a single so (2 , d) . valued 1 - form

W€ =
damWµA's

'' )
.Bcs. I )




